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Abstract 

We describe the universal quantum group preserving a preregular 
multilinear form, by means of an explicit finite presentation of the 
corresponding Hopf algebra. 
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1 Introduction 

The quantum group of a nondegenerate bilinear form (i.e. the largest quan- 
tum group preserving the bilinear form) was introduced and constructed in 

[H] . The aim of the paper is to generalize this construction to an appropriate 
class of m-linear forms (m > 3), the preregular multilinear forms introduced 

in mnig. 

Let w he a preregular m-linear form on a vector space V (see Definition 

[I] ). We show the existence of a universal Hopf algebra ^{w) preserving w 
and we provide an explicit finite presentation by generators and relations for 
'H{w). It should be emphasized that the existence part is something that can 
be considered as well-known (see the end of Section Hj) and that our main 
result is that we have obtained a finite presentation for the universal object 
'H{'w). The condition of preregularity, introduced in |Tll |T2] in connection 
with the analysis of AS-regular algebras, turns out to be particularly relevant 
in the Hopf algebra context. 



In view of the m = 2 case [1] and of the construction of the quantum group 
SU{m) as the universal compact quantum group preserving a well-chosen m- 
linear form [TH], it is natural to expect that the Hopf algebras 'H(w) should 
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produce quantum analogues of SL{m). We examine two natural examples 
that show that this is far from being true if m > 3. The first one is when 
w is the "signature" m-form, for which we get a non commutative and non 
cosemisimple Hopf algebra, having the algebra of polynomial functions on 
SL{m) as a quotient. This example also shows that the Hopf algebra 1-L{w) 
differs in general from those Hopf algebras 'H{w,w) constructed in [T2]. The 
second example is when w is the "totally orthogonal" form, and we get some 
of the quantum reflection groups studied in [T], whose fusion rules are non- 
commutative. 

The paper is organized as follows. Section |2] is devoted to preliminaries: 
we fix some notation and conventions and we recall the construction of the 
quantum group of a nondegenerate bilinear form. In Section |3] we discuss 
preregular multilinear forms. In Section H] we describe the universal bialgebra 
preserving a multilinear form. In Section |5] we provide the explicit finite 
presentation for the universal Hopf algebra 1-L{w) preserving a preregular 
multilinear form. In Section [H] we discuss the relation between 7i{w) and 
another class of Hopf algebras Ti^w, w) introduced in Section [7] discusses 
some examples and the final Section 8 is our conclusion. 

2 Preliminaries 

2.1 Notations and conventions 

Throughout this article K is a (commutative) field and all vector spaces, 
algebras, etc. are over K, the symbol (8> denotes the tensor product over 
IK and we use the Einstein convention of summation over repeated up-down 
indices in the formulas. In the following V is a. finite-dimensional vector space 
with dim(y) = n > 2 equipped with a basis (eA)Ae{i,...,n} and we endow the 
dual vector space V* of V with the dual basis (6*^) ag{i, .••,".} of the basis (ca). 
Using the finite-dimensionality of V we identify (y®"^)* with (I/*)®"" and 
thus, a m-linear form on V is the same thing as an element of (y*)^"^ . 
Given an endomorphism Q of V, we denote by its transposed that is the 
endomorphism of V* defined by {u, QX) = (Q^u), X) for any u E V* and 
XeV. 
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2.2 The quantum group of a non-degenerate bilinear 
form 

Let b = b^jjO^^O^ E V*®V* = {V i^V)* he a nondegenerate bilinear form on 
V, (&(e^, e^) = b^i,). The quantum group of the nondegenerate bihnear form 
b was defined in [H] in the following manner. Denote by b^^ the component 
of the inverse matrix of {b^p) G M„(]K), i.e. one has 

b^^bxu = bp.bP'^ = 6ii (2.1) 

for fx^u e {1, . . . , n}. 

Note the obvious fact that b = b^'^ef, e V (^V = {V* (^V*)* does not 
depend on the basis (eA) but only depends on b e V* ® V* = {V ® V)* . 



Let 'H(6) be the unital associative algebra generated by the elements 
Up (A, p G {1, . . . , n}) with relations 

V« = hpl (2.2) 

b^'^u^^uP = b^n (2.3) 

for A,p G {1, . . . ,n}. Then Ti^b) has a unique Hopf algebra structure with 
coproduct A, counit e and antipode S such that 

A«) = < ® (2.4) 

e«) = 6^, (2.5) 

SK) = b^\%, (2.6) 

for fi,^ E {1, . . . , n}. The dual object of "^(6) is the quantum group of the 
nondegenerate bihnear form b. The analysis of the category of representa- 
tions of this quantum group, that is of the category of corepresentations of 
7/(6), has been done in 



Although not completely obvious with the above definition, the Hopf 
algebra 'H(6) is characterized by the following universal property. 

Theorem 1. Let H be a Hopf algebra which coacts on V as 

ex^e^® < (2.7) 
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v'^ E H and is such that 

V« = ^Apl (2.8) 

for A,p G {l,...,n}, (where 1 denotes the unit of H). Then there is a 
unique homomorphism of Hopf algebras Lp : 'H(b) — ?■ H such that ^p{u^) = 
for A,/i G {1, . . . ,n}. 

In particular the smallest Hopf subalgebra of H which contains the v^'s 
is a quotient of 7/(6). For the sake of completeness we give a proof (which 
will appear as a particular case of a more general result explained later, see 
Section E]). 

Proof . Relations (12. 8p imply 

which implies that the antipode S oi H satisfies 

and therefore one has 

from which one obtains by contraction with h'^'^ 

V^vlvl = W^l (2.9) 

for any o", r G This implies together with fl2.8p that u'^ i— )■ 

defines a homomorphism of Hopf algebras of 7/(6) onto the Hopf subalgebra 
of H generated by the f^. □ 



3 Preregular multilinear forms 

As in the previous section y is a finite-dimensional vector space with dim(y) = 
n > 2, (ca) is a basis of V with dual basis {6^) of the dual V* of V, etc.. 
We shall always make the identifications (\/®")* = V"**^" which is allowed in 
view of the finite dimensionality of V . The following definition is taken from 
[TT] (the main motivation was Theorem 4.3 there). 
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Definition 1. Let m be an integer with m>2. A m-linear form w on V is 
said to be preregular iff it satisfies the following conditions (i) and (ii) . 

(i) If X E V is such that w{Xi, . . . , Xm-i, X) = for any Xi, . . . , Xm-i G V, 
then X = 0. 

(ii) There is an element G GL(y) such that one has 

w{Xi, . . . , Xjn^i, Xm) = w{QwXjn, Xi, . . . , X^-l) 

for any Xi, . . . ,Xm eV. 

It follows from (i) tliat as in (ii) is unique. Condition (i) when com- 
bined with (ii) implies the stronger condition (i'). 

(i') For any 0<A;<m — 1, ifXGV^is such that 

w{Xi, . . . , Xfc, X, Xk+l, . . . , Xm-i) = 
for any Xi, . . . , Xm-i G V, then X = 0. 

Condition (i') will be refered to as 1-site nondegeneracy while (ii) will be 
refered to as twisted cyclicity with twisting element Qw Thus a preregu- 
lar multilinear form is a multilinear form which is 1-site nondegenerate and 
twisted cyclic. 

Basic examples of preregular multilinear forms are: the signature form 
(see Section m]) . its g-analogue (defined in pS|), the totally orthogonal form 
(see Section I7.2p . and the multilinear forms appearing in §3.3 and §5.3 of 
[T3] which correspond to representative examples of (regular) homogeneous 
algebras. For the latter class, it is worth noticing here that in the case of 
quadratic algebras, these multilinear forms give the noncommutative version 
of the volume element (see Proposition 10 of and the comment following 
its proof). 

By applying n times the relations of (ii) of Definition 1 one obtains the 
invariance of w by Q^, that is 

w{Xi, . . . , Xm) = w{Q^Xi, . . . , QyjX„,) 

for any Xi, . . . , Xm G V. Thus a twisted cychc w is invariant by its twisting 
element. 
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Conversely, let w be an arbitrary Q-invariant m-linear form on V (with 
Q G GL{V)) then the m-linear form ttqIw) defined by 



)(Xi, . . . , Xm) — w{QXk, . . . , QXm, Xi, . . . , Xk-l] 



k=l 



for any Xi, . . . , X^ G is twisted cyclic with twisting element Q, (in short 
is Q-cyclic). Notice that if K is of characteristic 0, then ^ttq is a projection 
of the Q-invariant m-linear forms onto the Q-twisted cyclic ones. 

Condition (i) is equivalent to the existence of a m-linear form w on V* 
such that one has 

w'''-'-'w,,...,_,^ = S^, (3.1) 

for IJ,,!^ & {l,...,m}, where the components of w and w are defined by 
^Ai...A,„ = {[;(^o^i^_ _ ^o^n^ g^^d Wx^...\^ = w{ex^, . . . , ioi Xk e {!,..., m}. 
Notice that in contrast with the case m = 2, ty is non unique for m > 2. The 
set of all w satisfying (13. ip as above is an affine subspace of y^™ which will 
be denoted by AS{w) and refered to as the polar of w. 

In components, condition (ii) reads 

wx^...Xm = QL^aai...a„_i (3.2) 

for Afc G {1, . . . , m}, where the Q'^ are the components of defined by 

QUe,) = Q^^e^ (3.3) 
for z/ G {1, . . . , n} in the basis (ca). 

If one combines (13. ip with (13. 2p . one gets 
that is 

^Mi...a™-i^^^^ = (Q-'X (3.4) 

for /u, G {1, . . . , n}. 

Let us say a few words on the case m = 2. It is clear that a bilinear 
form w = b satisfying Condition (i) is just a nondegenerate bilinear form and 



6 



that then w as in 13.11 is unique and given by w'^'' = h^^ with the notations of 
Section [2J Hence a preregular bihnear form h is nondegenerate. 

Conversely let 6 be a nondegenerate bilinear form with components h^y 
in the basis (ca). Then h is twisted cyclic with 

= h^Xp (3.5) 
and hence a nondegenerate bilinear form is preregular. 

The classification of nondegenerate bilinear forms over algebraically closed 
fields is known: the isomorphism class of a nondegenerate bilinear form only 
depends on the conjugacy class of its twisting element, see [12]. On the 
other hand, to the best of our knowledge, no general classification result is 
known for m-linear forms if m > 3 (isomorphism of multilinear forms is called 
congruence in [2]). The only basic observation we have is that isomorphic 
preregular m-linear forms have conjugate twisting elements. 



4 The universal bialgebra B{w) 

Throughout this section w is a. m-linear form on V satisfying Condition 
(i) of Definition 1. The components of w in the basis (e^) are denoted by 
w\^...\^, = w{ex^, . . . , eA„) as before. 

Let B{w) be the unital associative algebra generated by the elements 
{fi,i' E {1, . . . , n}) with relations 

WA,..A™a;i^...a;:=w^„„^„l (4.1) 

for /i/s G {1, . . . ,n}. Then B{w) has a unique bialgebra structure with co- 
product A and counit e such that 

A«) = <®a^ (4.2) 



£«) = (4.3) 



for /z, 1/ G {1, . . . , n}. Let w (g ) be, as in Section 2, a solution of (13.1 
One has in view of fl4.1D 
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for fijiy & {l,...,n}, which means that in Mn{B{w)) the matrix (a^) has 
(^^/.Ai...A„_i^Pi ^ ^ ^ a^":'iypi...p„_ii.) as left inverse. 

Theorem 2. Lei B be a bialgebra which coacts on V as 

E B and is such that 

for Afe G {l,...,n}, (where 1 is the unit of B). Then there is a unique 
homomorphism of bialgebras Lp : B{w) — )■ B such that 

= < V/i,z/G{l,...,n}. 

If furthermore B is a Hopf algebra with antipode S, then one has 

for /i, z/ G {1, . . . , n}, with w as above. 

Proof . The first part is straightforward and classical in a more general context 
while the second part follows from 

Am-l P 

for /U, G {1, . . . , n} which follows from (14. 4p and from the definition of the 
antipode. □ 







:>pi 


_ ^pAi. 


■ -AjTi — 





Hence by Manin's construction of the Hopf envelope of a bialgebra [15] . 
there exists a universal Hopf algebra coacting on a multilinear form which 
is finitely generated as an algebra since w satisfies condition (i) in Definition 
[1] (by the last identies of the previous theorem). We have not been able to 
provide a finite presentation of this algebra without using the full definition 
of preregularity. 



8 



5 The universal Hopf algebra 1-L{w) 

Throughout this section w is a given preregular multihnear form on V with 
twisting element simply denoted hj Q E GL(y). 

The components of w, Q and in the basis (ca) of V (with dual basis 
{9^) of V*) are denoted by wai...a™,Q(^ and {Q~^)'^ with 

WAi...a™ =w{ex„...,exj 

Q(e,) = g:;e^, or Q'^ = {9'^,Q{e,)) 
Q-\e.) = {Q-'Xe,, or {Q-'X = {0', Q-\e,)) 
for Xk,fi,iy e {l,...,n}. 

Let Tilw) be the unital associative algebra generated by the 2n^ genera- 
tors u/^, with relations 

<s^ = 5,^l (5.1) 

QtKiQ'X^'a = (5.2) 

«^A,...A^<...<: = ^/^Mi...M^i (5-3) 

for G {l,...,n}. 

Proposition 3. One has in 'H{w) 

s'pK = (5.5) 

slQ\K{Q~X = ^.'1 (5-6) 

for z/fc, /i, z/ G {1, . . . , n}. Furthermore, for any solution w of (13.11) i.e. \/w G 
Aff(^i;) one has 

< = . . . <::>p,...p™_,. (5.7) 

QlKiQ-'r, = w^^-'-^sTj_\ . ..si\w,, (5.8) 
for G {l,...,n}. 
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Proof . Relations fl5.4p are obtained from f l5.3p by contraction on the right by 
^vZ ■ ■ ■ using (15. ip . From (13 .ip and flS.Sp it follows that 

which implies (15. 7p in view of (15. ip and then (15. 5p follows (see also Theorem 
|2]). Similarily, from (13. ip and (15. 4p it follows that 

^v\^ *A,„_i*Ai"^Pl-P™-lo-J — •^jy-'l 

which implies (15. 8 p in view of (15. 2p and then (15. 6 p follows. □ 

Proposition 4. T/ie algebra l-i[w) has a unique structure of Hopf algebra 
with coproduct A, counit e and antipode S such that 

A«) = M^®«^ (5.9) 

A(^i;) = s'®< (5.10) 
e«) = £(.e) = (5.11) 
-5(0 = < (5.12) 

for fi,iy e {!,..., n}. 

Proof . This is a direct verification using the relations from the previous 
proposition. □ 

We did not use Condition (ii) of Definition [1] (twisted cyclicity) to con- 
struct the Hopf algehia.'H^w) {Q could be any invertible matrix). The twisted 
cyclicity condition is fully used to prove the following universal property of 
H{w). 

Theorem 5. Let w be preregular m-linear form and let H be a Hopf algebra 
which coacts on V as 

v'^ E H and is such that 

for Afc G {1, . . . ,n}, (where 1 denotes the unit of H). Then there is a unique 
homomorphism of Hopf algebras ip : 'H{w) — ?■ H such that f{u'^) = for 
X,fie {1,.. .,n}. 
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This theorem is the announced generahzation of Theorem [H It follows 
that if w = b is bilinear, then "^(6) as in Section [2] is isomorphic with ^{w) 
as above. 



Proof . All what one has to verify is that the relations (15. ip . (15. 2p and (15. 3p 
are satisfied with u'^ replaced by v'^ and s'^ = Siui^) replaced by {S 
being the antipode). Relation (15. 3p is satisfied by definition and relation 
(15. ip is a consequence of the axioms for Hopf algebras. Thus it remains to 
show that 

Qy^{Q'XSK) = Si^l (5.14) 
is satisfied in H. On the other hand, Theorem [2] implies that 

with w solution of (13. ip . Therefore one has 



pi...Pm_l(T 



where the twisted cyclicity condition is used in the second equality. This 
proves (I5.14p . □ 

It follows in particular from Theorem [5] that the algebra of polynomial 
functions on Aut{w) is a quotient of 1-L{w). An element of Aut(w) has to 
commute with the twisting element Q, so if Q is diagonalizable with distinct 
eigenvalues, PM.t{w) is very small, being a subgroup of the torus (X*)™. This 
still allows l-Liw) to be a large algebra (and hence w has a large quantum 
symmetry group), as the example of quantum SL{2) shows. 



6 The Hopf algebras ^{{w^w), w G Aii{w) 

In this section, where w is a preregular m-linear form on V with twisting 
element Q G GL{V) and w is an element of AS{w) (that is an element of 
y®"" satisfying (13. ip ). we recall the definition of the Hopf algebra 'H{w,w), 
constructed in [12], and relate it to l-i^w). 
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Let 'H{w,w) be the unital associative algebra generated by the ele- 
ments (/i, z/ G {1, . . . , n}) with relations 

«^Ai...A™.<...t^;: = «^^i...M„i (6.1) 

and 

for G {1, . . . , n}. There is a unique structure of Hopf algebra on Ti^w, w) 
with coproduct A, counit e and antipode S such that 

Avi^ = < ® (6.3) 
£(<) = '^f; (6.4) 

and 

5«) = ^mA....a_.^p. _ _ _ <::>p....p„-.. (6.5) 
for //, G {1, . . . , n}. 

By Theorem [5] there exists a unique (surjective) homomorphism of Hopf 
algebras 

if : 'H(w) — )■ 'H(w, zi)) 

such that ¥?('u(^) = t'f^ for /i, z/ G {1, . . . , n}. We will see in the next section 
that this is not an isomorphism in general. 



7 Examples 

In this section, in order to illustrate our construction, we examine two exam- 
ples. We begin with a general useful lemma, whose proof is straightforward 
combining Relations (15. 4p and (15.51) . 

Lemma 6. Assume that m > 3. We have, in ^{w), 
for any X, p, v^., ■ ■ ■ .i^m ^ {1, . . . ,n}. 
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7.1 Example 1: the signature form 

Let w = ehe the signature form onV = (the volume form), i.e. £:Ai...Am = 
if two indices are equal, and £ai...a„ is the signature of the corresponding 
permutation otherwise. This is a preregular m-linear form, with Q = I„ 





Proposition 7. The Hopf algebra ^{s) is not commutative if m > 3. 

Proof . It is easy to see that it is enough to prove the result at m = 3. Let A 
be the free algebra on two generators x and y. It is straightforward to check 
the existence of an algebra map T-L^w) — > A 

u\ v}\ / 1 X y\ ( s\ s\ 
ul ul uI\^\q I ()\, [si si 

Thus l-i{s) is not commutative. □ 

Using Lemma in] we see that the following relations hold in 'H{e): 

for any A, /x, i^, p. These are the relations defining the Manin matrices studied 
in [6]. 

Let e be given by £ai...a,„ = (assuming here that m 7^ in K). 

We have e G AS.{e). 

Proposition 8. Assume that m > 3. Then the canonical Hopf algebra map 
T-ii^s) —7- 'H{e,e) is not injective, and T-ii^e) is not cosemisimple. 

Proof . One can show that l-i^e^e) is commutative, as in [191 HI]- It thus 
follows that the canonical Hopf algebra map 'H(e) 'H{e, e) is not injective. 

Assume that ?^(e) is cosemisimple. Then there exists w' G AS{e) satis- 
fying fl6.2p . But e is, up to scalar, the only element in Aff(e) for which (16.21) 
can hold in ^^(e, e) (by some well-known facts on the representation theory of 
SL{m)). Thus, up to a scalar, w' = e, and relations (16.21) hold for e in T-L^e). 
Thus the canonical map 'Hie) — )■ T-Lie-jS) is an isomorphism: contradiction. 
□ 
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7.2 Example 2: the totally orthogonal form 



We now consider the totally orthogonal m- linear form 9 onV = K": ^^Ai...Am = 
1 if all indices are equal and otherwise. This is a preregular m-linear form 
with Q = In- 

Proposition 9. For m > 3, the Hopf algebra 'H{6) is isomorphic to the 
algebra presented by generators a^, /i, A G {1, . . . , n}, and relations 

ala't = = aja):, V//, VA ^ z/ 

n n 
A=l A=l 

Thus T-iiO) is isomorphic with the Hopf algebra denoted v4™(n) 

Proof . Let A denote the algebra having the presentation given in the state- 
ment of the proposition. It is a direct verification to check that there exists 
a unique Hopf algebra structure on A such that 

and that A satisfies the assumption in Theorem |3 Hence there exists a 
surjective Hopf algebra map T-Li^O) A, 

To construct the inverse isomorphism, we have to check that the defining 
relations in A are satisfied in 'H{9). The second family of relations holds in 
'H(6') by Relations ( 15. 3p . We have, by Lemma El u'^u',^ = for A 7^ z^. Using 
the antipode we get = for A 7^ z/. Moreover, using Relations fl5.3p . we 
see that = (m^)™"^, hence s^sj^ = for A 7^ z^, and using the antipode, 
we see that the first family of relations holds in 'H(^). We get a surjective 
algebra map A — )■ u'^, and we are done. □ 

The Hopf algebra 'H(^) ^ ^/Tl^) (which also can be described by a free 
wreath product operation [5j) is, when K = C, cosemimple and its fusion 
rules are non-abelian, see [1]. It would be interesting to characterize the 
preregular multilinear forms for which the diagrammatic techniques in [1] 
can be extended. 
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8 Conclusion : The quantum group of a pre- 
regular multilinear form 

The Hopf algebra %{w,w) which was considered in [12] in connection with 
its coaction on the algebras A{w, N) defined by the "twisted potential" w 
(for m > N > 2) has the defect to be dependent of the auxiliary variable 
w G Aff (w), (excepted for m = 2 for which card(Aff (w)) = 1). 

The Hopf algebra 'H{w) coacts as well on the algebras A{w, N) defined in 
Section 5 of ^12^. This latter class of algebras includes all AS-regular algebras 
which are A^-Koszul as shown in [12], Theorem 11 (see also in [llj). 

It is clear from Theorem |5] that the right Hopf algebra which only depends 
on w is the universal Hopf algebra 1-L{w) defined in Section [51 Therefore we 
define the quantum group of the preregular multihnear form w to be the dual 
object of T-Liw). The representations of this quantum group are the corepre- 
sentations of the Hopf algebra 'H(w) which plays the role of the Hopf algebra 
of "representative functions" on it. 

In fact the Hopf algebras 'H{w,w) for w G Aff(w) all are quotients of 
T-Liw), which means that the corresponding quantum groups are quantum 
subgroups of the above quantum group of the preregular multilinear form w. 
In the case m = 2, that is when w is a nondegenerate bilinear form, then w is 
unique and T-L{w, w) coincides with Ti^w) as explained in Section [2] (Theorem 
[1]). Thus for m = 2, the canonical projection 

TT : ^{w) — > ^{{w, w) 

is an isomorphism. However for m > 3, Example 1 of the previous section 
shows that this not always true, but Example 2 shows it can be true. Those 
examples also show that the uniform description of the corepresentation cat- 
egory of ^{w) for the case m = 2 in [1] will no longer hold when m > 3. 

The Hopf algebras 'H(w) and 'H{w,w) above belong to a particular class 
of Hopf algebras named cosovereign Hopf algebras in [5] where they were 
considered and studied in a categorical perspective. Examples of Hopf alge- 
bras of this type are those arising from compact quantum groups [18]. The 
class of cosovereign Hopf algebras is also exactly the class of Hopf algebras 
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considered in [7] (see also in [10]) and the analysis of [7] was later extended to 
a larger class of Hopf algebras, which mixed the notion of cosovereign Hopf 
algebra with the dual notion of sovereign Hopf algebra p], in [8] and [9]. 
These classes of Hopf algebras generalize the class of Hopf algebras with an- 
tipode satisfying = I for which cyclic cohomology and the generalization 
of the Weil homomorphism have tractable descriptions. 
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